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We study some properties of a recently proposed local Lorentz-violating Finsler geometry, the so-called
bipartite space. This anisotropic structure deforms the causal null surface to an elliptic cone and provides
an anisotropy to the inertia. We obtain the new modiﬁed dispersion relations and the geodesic equation
for a massive particle. For a weak directional-dependence we ﬁnd the dynamical and interaction terms
analogous to the gravitational sector of the Standard Model Extension.
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In the regime of a quantum gravity many theories expect the
spacetime be no longer locally isotropic. For the String Theory, the
tensor ﬁelds can spontaneously break the Lorentz symmetry by as-
suming a deﬁnite vacuum expected value [1,2]. An effective theory
comprising this effect, proposed by Kostelecký and collaborators,
is called the Standard Model Extension (SME) [3]. On the other
hand, the existence of a minimal length breaks the Lorentz sym-
metry and leads to the Doubly Special Relativity (DSR) [4]. The
Very Special Relativity (VSR), where the symmetry group of the
spacetime is the subgroup SIM(2) of the Lorentz group, also vi-
olates the Lorentz symmetry by allowing a spurious vector ﬁeld
similar to the aether model [5,6].
In order to study Lorentz-violating gravitational effects, i.e., to
extend the break of the Lorentz symmetry to curved spacetimes,
some of these models dismissed the Riemannian background (lo-
cally isotropic) for a Finsler geometry (locally anisotropic) ap-
proach. In Finsler geometry, the length of a curve is measured us-
ing a general function of the position x ∈ M and direction y ∈ TxM ,
called Finsler function F (x, y), in the form [7]
s =
∫
I
F (x, x˙)dτ , (1)
where τ ∈ I is an aﬃne parameter and x˙ = dxdτ is a tangent vector.
Physically it means that the measurement of the proper time or
the lengths are now directional-dependent [8,9]. This is a funda-
mental form to include the local Lorentz violation into the space-
time itself and to the ﬁelds and particles living on it.
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new geometry. In Riemannian geometry F (x, y) =√gμν yμ yν . For
F (x, y) = √gμν yμ yν + aμ yμ we have the Randers space [10] 
whose vector aμ , besides providing the local anisotropy, can ex-
plain both the dark matter and dark energy [11,12]. For the VSR
the Finsler function is given by F (x, y) = (nρ yρ)b(gμν yμ yν) (1−b)2
[13], which deﬁnes the Bogoslovsky space [14,15]. The spurious
vector ﬁeld nρ is a possible source for the dark energy and
the inﬂation [16,17]. The Finslerian structure of the DSR yields
to its modiﬁcation of the dispersion relation (MDR) PμPμ =
−(1 − λP0)2m2 [18].
The Modiﬁcations of the dispersion relations are usual fea-
tures of Finsler-based theories. Indeed, given a Finsler function
is possible to deﬁne a symmetric tensor called the Finsler metric
gF (x, y) = gFμν(x, y)dxμ ⊗ dxν by [7]
gFμν(x, y) =
1
2
∂2F 2
∂ yμ∂ yν
. (2)
Note that the directional-dependence is already encoded in the
metric tensor. The square of the vector is deﬁned as ‖y‖2 =
gFμν(x, y)y
μ yν that allows non-quadratic terms [18–21].
The SME also posses a Finsler-based structure. In fact, the
curved extension of SME is made by a spontaneous symmetry
breaking mechanism since the explicit Lorentz violation breaks
the Bianchi identities [22,23]. A proposal to overcome this is done
through some Finsler geometries [22,24,25]. A spin-1/2 fermion
with Lorentz-violating terms has modiﬁed dispersion relations that
can be associated with a point-particle moving in a Finsler space-
time with a Finsler function F (x, y) = √|gμν(x)yμ yν | + aμ yμ +√
sμν(x)yμ yν which extends the Randers metric [24,25]. For
aμ = 0 the space turns to be a new Finsler structure called the bi-
partite space [26]. The Randers term is responsible for the CPT-odd Funded by SCOAP3.
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[25,26]. Note that this SME-based Finsler geometry can be un-
derstood as a small perturbation over the local Lorentz invariant
geometry. However, the Finslerian approach has the advantage of
treat the geometry naturally anisotropic without any external ﬁeld.
Further, it can also provides torsion as a natural effect.
In this work we explore some basic features and ﬁnd new inter-
esting properties of the bipartite space. Since this Finsler structure
was recently proposed, there are many open points to address.
The main goal here is to compare the properties of this spacetime
with other Lorentz-violating models and with anisotropic media.
In this regard, we propose a new perspective that the bipartite
space provides some effects analogous to a background tensor ﬁeld
on a Lorentzian space. In Section 2 we show that the causal sur-
face is an elliptic cone. Another new result is that the time dif-
ference measured by inertial observers is directional-dependent.
In Section 3 we obtain an anisotropic momentum and we study
the corresponding MDR of a free particle. Moreover, we ﬁnd that
a free particle in this geometry moves analogously to a particle
on a Lorentzian spacetime with a background ﬁeld, due to a new
anisotropic term in the geodesic equation. The Section 4 is de-
voted to the ﬁrst step in study the dynamics of the bipartite space.
Indeed, the analysis presented by Kostelecky et al. [24–26] is per-
formed for a ﬁxed background geometry. We argue that a dynam-
ics for the Finslerian metric gF can be divided into a dynamics for
the Lorentzian metric g and for the bipartite tensor s. For the weak
directional-dependence limit, where the dependence of the geome-
try on the direction is taken only on the components of the tensors
and for tiny values of the bipartite tensor, we show that a Finsle-
rian Einstein–Hilbert (EH) action can be split out into a Lorentzian
EH action plus some coupling terms between the Lorentzian met-
ric and the bipartite tensor similar to those of the SME.
2. Kinematics
Consider a spacetime M endowed with a Lorentzian metric g1
∈ T ∗M and a symmetric tensor s ∈ T ∗M whose Finsler function is
given by [25,26]
F (x, y)B = α(x, y) + σ(x, y)
=
√∣∣gμν(x)yμ yν ∣∣+ ξ√sμν(x)yμ yν, (3)
0 ξ  1 is a constant controlling the local Lorentz violation.2 The
triple B = (M,g, s) is called a bipartite space. Hereupon we shall
consider the bipartite tensor s with mass dimension [s] = 2 in four
dimensions what leads ξ to have mass dimension [ξ ] = −1. Note
that unlike the Randers function, the bipartite Finsler function is
parity invariant, i.e., FB(x,−y) = FB(x, y).
An interesting choice for the bipartite tensor is [25,26]
sb = b⊗ b− b2g, (4)
where b2 = g(b,b). This spacetime is called a b-space [25]. It is
worthwhile to say that the bipartite tensor in (4) is analogous to
the Lorentz-violating tensor ﬁeld in the bumblebee model [22,23].
Following [26] we deﬁne an idempotent transformation s :
TM → TM by s = sμν eμ⊗dxν , having a non-zero eigenvalue ζ such
that s2 = ζs. The eigenvalue ζ has mass dimension [ζ ] = M2 and
for the b-space ζ = b2.
In the following sections we obtain new and intriguing features
of the bipartite spacetime.
1 We adopt the mostly plus convention (−,+,+,+) for the metric signature.
2 The constant ξ , not present in the Kostelecky works [25,26], allow us to ensure
that 0 < σ < 1.2.1. Causal structure
The ﬁrst new properties is that the bipartite structure deforms
the usual Lorentz light cone. Indeed, since ds = F (x, y)dt , the null
interval satisﬁes F (x, x˙) = 0 what yields to(
ημν − ξ2sμν
)
x˙μ x˙ν = 0. (5)
Therefore, for x = (X0, X1, X2, X3) ∈ M the causal surface is the
cone
−(1+ ξ2s00)X20 + (1− ξ2si j)Xi X j − 2ξ2s0i X0Xi = 0. (6)
Consider a base (x˙,e1,e2,e3) ∈ T ∗M formed with the mu-
tual eigenvectors of s and η. The bipartite tensor is written as
s = λ0x˙ ⊗ x˙+∑3i=1 λiei ⊗ ei . The matrix of s in this base is given
by s = diag(λ0, λ1, λ2, λ3), where (λ)i are the set of eigenvalues
of s. Thus, we ﬁnd that the causal surface turns to be an elliptic
cone of form(
1− ξ2λ1
)
x21 +
(
1− ξ2λ2
)
x22 +
(
1− ξ2λ3
)
x23 −
(
1+ ξ2λ0
)
x20
= 0. (7)
As interesting new consequence of this spacetime is that since the
generatrices have different slopes, the light moves with different
speeds depending on the direction. In order to avoid causal issues,
as superluminal velocities, we impose the condition
∂xi
∂x0
=
√
1− ξ2λi
1+ ξ2λ0  1 ⇒ λ0 + λi  0. (8)
Further, from sμν x˙μ x˙ν  0 ⇒ λ0  0. These conditions on the bi-
partite tensor resembles the weak energy condition for the stress-
energy tensor in General Relativity [28].
Another important new causal property is that the bipartite
tensor s also changes the time measured by inertial observers.
Indeed, consider a massive particle with 4-velocity x˙. For the
Minkowski metric g = η, in the rest frame the 4-velocity is x˙ =
dx
dτ = (1, 0), where τ is the proper time. The interval takes the form
dsF = (1 + ξ√s00)dτ . In another inertial frame, moving with ve-
locity v in respect to the ﬁrst, the 4-velocity is given by x˙′ = dxdt =
(1, v) what yields to the interval ds′ = (√1− v2+ξ√sμν x˙′μ x˙′ν )dt .
From ds = ds′ the relation between dτ and dτ = dt
γ (v,s)F is given by
γ (v, s)F = 1+ ξ
√
s00√
1− v2 + ξσ (x, x˙′) . (9)
For the b-space γ (v, s)F = 1+ξ
√
‖b‖
1−v2+ξ
√
‖b‖2+(b·v)2
. Thus, the time dif-
ference depends on the relative direction in respect to the back-
ground vector b. This result suggests an analogy between the bi-
partite structure and the vector Lorentz-violating models, as the
aether [6] or the bumblebee model [22].
3. Particle dynamics
Now let us study the dynamics of a free particle moving on
a bipartite space. The action functional for a point particle of mass
m is given by [9,11,18]
S F =m
∫
I
F (x, x˙)dτ . (10)
Therefore, the Lagrangian for the point particle is
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=m
(√
gμν(x)x˙μ x˙ν + ξ
√
sμν(x)x˙μ x˙ν
)
(11)
whose canonical conjugate Finslerian 4-momentum is given by
P Fμ =
∂LF
∂ x˙μ
= Mμν(x)x˙ν, (12)
where Mμν(x) = Mνμ(x) is given by
Mμν(x) =m
(
gμν(x) + ξ
σ
sμν(x)
)
(13)
and it can be understood as an inertia tensor. A canonical momen-
tum similar to found in Eq. (12) was obtained for the b-space [24].
The anisotropy of the inertia is a intriguing result also present in
the Bogoslosky model [14,15,17]. However, here the anisotropic in-
ertia arises from a symmetric and geometric tensor.
Eq. (12) can be rewritten as the sum P Fμ = Pμ + ξ P˜μ , where
Pμ = mgμν x˙ν is the usual Lorentzian 4-momentum and P˜μ =
m
σ sμν x˙
ν is a 4-momentum arising due to the anisotropy of the
spacetime. An anisotropic momentum of form P Fμ = m(gμν x˙ν +
ξaμ x˙ν) has also been obtained by Randers [10], which is analogous
to a 4-momentum of a particle moving on a Lorentzian spacetime
minimally coupled with a background electromagnetic vector po-
tential a. Therefore, we interpret the momentum (12) as a coupling
between a point particle in a Lorentzian spacetime with a back-
ground tensor ﬁeld s.
3.1. Modiﬁed dispersion relations
The Finsler metric for the bipartite space is given by [26]
gFμν(x, y) =
F
α
gμν + ξ
(
F
σ
sμν − ασkμkν
)
, (14)
where, kμ = 1α ∂α∂ yμ − 1σ ∂σ∂ yμ . We deﬁne the unit vector l˜μ = ∂α∂ yμ =
1
α gμβ y
β [7] and the vector lˆμ = ∂σ∂ yμ = 1σ sμβ yβ .
The inverse bipartite metric is given by [26]
gFμν(x, y) = α
F
gμν − ξα
2
F S
[
sμν −
(
S
F
)2
l˜μl˜ν + S
F
l˜(μlˆν) − lˆμlˆν
]
,
(15)
where, S = σ + ξζα. Thus, using the inverse Finslerian metric (15)
to measure the length of vector, the square of the Finslerian
4-momentum is∥∥P F∥∥2 = gFμν(x, P F )P FμP Fν
=
[
α
F
gμν − ξα
2
F S
sμν
]
P FμP
F
ν
+ ξα
2
F S
[(
S
F
)2 gμβ gν
α2
− S
F
gμβ sν
ασ
+ s
μβ sν
σ 2
]
× P FμP Fν P Fβ P F . (16)
The ﬁrst line Eq. (16) has quadratic terms in the momentum
whereas the second line provides quartic terms, similar to other
Finsler spacetimes [11,14,18–21,25]. For the Minkowski spacetime
g = η, the bipartite 4-momentum satisfying ‖P F ‖2 = −m2 yields
to
α
P FμP Fμ − ξ
P FμP Fμ
[(
S
)2
P FμP Fμ +
Sασ
]
= −m2 (17)F F S F Fwhere
α = α(x, P F ) =
√
ημν P FμP
F
ν
=
√∣∣−E2 + P2 + 2ξ Pμ P˜μ + ξ2 P˜μ P˜μ∣∣
and σ = σ(x, P F ) =
√
sμν P FμP
F
ν . A similar result is present in the
Randers space [19]. Expanding the Eq. (17) until ﬁrst order in ξ
we obtain
E2 − P2 + ξ(ασ − 2Pμ P˜μ)=m2. (18)
At the rest frame, (1 + ξ s00)E2 − 2ξ P˜0E −m2 = 0 whose solution
is
E =m(1+ ξ√s00)− 12 + ξ P˜0
(1+ ξ√s00 ) . (19)
Thus, for the b space, where s00 = ‖b‖2, a time-like vector b =
(b0, 0) describing an aether model does not change the relation
energy-mass.
After the identiﬁcation Pμ = −i∂μ , a scalar ﬁeld will satisfy the
equation{+ ξ[αˆσˆ − 2i P˜μ∂μ]}Φ =m2Φ, (20)
where
α˜ =
√− 2iξ P˜μ∂μ + ξ2 P˜μ P˜μ1
σˆ =
√
sμν∂μ∂ν − 2iξ sμν P˜μ∂μ + ξ2sμν P˜μ P˜ν1, (21)
which is similar to the SME Lorentz-violating equation [1,2,22].
3.2. Geodesic motion
Now let us analyze the equation of motion of a particle. In
order to the world-line be an extremum the action (10) it must
satisﬁes the geodesic equation [7]
Mμν x¨
ν = Fμ, (22)
where, Fμ = −m[γ μνβ +ξ(γ˜ μνβ +∂ν(σ−1))δμβ ]x˙ν x˙β , γ μνβ = g
μλ
2 (∂ν gλβ
+ ∂β gλν − ∂λgνβ) is the Lorentzian Christoffel symbol [7] and
γ˜
μ
νβ = g
μλ
2σ (∂ν sλβ + ∂β sλν − ∂λsνβ). Eq. (22) is the generalized New-
ton’s second law of motion with an anisotropic inertia and force,
similar to found in [14].
For the ﬂat Minkowski spacetime we ﬁnd a new anisotropy
4-force
F˜μ =mξ[(γ˜ μνβ + ∂ν(σ−1))δμβ ]x˙ν x˙β . (23)
Choosing the bipartite tensor s = N2(x)η it turns out that the
4-force is given by
F˜μ =mξ
[
∂μN +
(
2− 1
N2
)(
x˙ν∂νN
)
x˙μ
]
(24)
whose 3-force has the form
˜F =mξ
[
∇N +
(
2− 1
N2
)(
∂N
∂t
+ (v · ∇)N
)
v
]
. (25)
The choice for the particular form of the tensor s is inspired in
the optical analogy between the light propagation in a medium
with refraction index N and in a curved spacetime with a con-
formal metric gμν = N2ημν [29]. Then, we argue that for a static
anisotropy and disregarding the quadratic term in the velocity, the
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N = σ . On the other hand, in this regime, the function N can
also be interpreted as an anisotropic potential. Thus, an intrigu-
ing new result is that a particle will suffer a deﬂection analogous
to a charged particle in a static electric ﬁeld.
The presence of the hydrodynamical derivatives ∂
∂t + v · ∇ sug-
gests a mechanical analogy. We interpret the bipartite force (25)
as resulting from the interaction of the particle with a background
ﬂuid (aether) that changes its trajectory.
4. Dynamics of the geometry
The analysis of the bipartite geometry made so far was re-
stricted to a ﬁxed background situation. In this section we show
that a dynamics for the Finslerian metric gF provides, at least for
the weak directional-dependence, a dynamics and interaction for
the Lorentzian metric g and for the bipartite tensor s.
Consider the Finslerian Christoffel symbol γ Fμνβ = g
Fμλ
2 (∂ν g
F
λβ +
∂β gFλν − ∂λgFνβ) which can be written as γ Fβμν = γ˜ Fβμν + γˆ Fβμν + γ¯ Fβμν
where,
γ˜
Fβ
μν = γ βμν + α2F
[
∂μ
(
F
α
)
δ
ρ
ν + ∂ν
(
F
α
)
δ
ρ
μ − ∂ρ
(
F
α
)
gμν
]
− ξα
S
sργμν
− ξα
2
2F S
[
∂μ
(
F
α
)
sρν + ∂ν
(
F
α
)
sρμ − sρ∂
(
F
α
)
sμν
]
, (26)
with γ ρμν being the Lorentzian Christoffel symbols constructed
from the Lorentzian metric g,
γˆ
Fβ
μν = ξα2σ
[∇μsρν + ∇ν sρμ − ∇ρ sμν − 2sρ γ μν]
− ξα
2F
[
∂μ
(
F
σ
)
sρν + ∂ν
(
F
σ
)
sρμ − ∂ρ
(
F
σ
)
sμν
]
+O(ξ2)
(27)
where ∇μ stands for the Levi-Civita connection compatible with
the Lorentzian metric g, and γ¯ Fρμν is formed by the derivatives of
the vectors kμ .
Note that γˆ ρμν has second order terms in ξ whereas the γ¯
ρ
μν
is explicit directional dependent, i.e., the directional dependence is
present not only on the tensor components. Hereupon we shall
take into account only the terms linear in ξ and without ex-
plicit directional dependence. This regime shall be called a weak
directional-dependence. The directional-dependence encoded only
on the components of the tensor ﬁelds have already been ad-
dressed by other authors [8,9].
Let us choose the gF -compatible Cartan connection ω for the
TTM = {(x, y), x ∈ M, y ∈ TxM}. In order to do it we need to make
the split TTM = hTTM ⊕ vTTM, where hTTM is the submanifold for
y ﬁxed, called horizontal ﬁber whereas vTTM is a ﬁber for x ﬁxed,
called vertical ﬁber [7]. An orthornormal basis for TTM is given
by ( δ
δxν , F
∂
∂ yν ), where
δ
δxν = ∂∂xμ − Nβν ∂∂ yβ is a basis for hTTM and
F ∂
∂ yν is a basis for vTTM. The symbol N
β
ν is the so-called Nonlin-
ear connection and is given by Nμρ = γ ρμν yν − A
ρ
μν
F γ
ν
ξ y
 yξ . Taking
the dual basis (dxν, δyν), where δyν = dyν + Nνβ dxβ , the connec-
tion takes the form ωρμ = Γ ρμν dxν + A
ρ
μν
F δy
ν , where Aμνρ = F2
∂ gFμν
∂ yρ
is the so-called Cartan tensor and Γ ρμν = γ Fρμν − gFρF (AνξNξμ −
AμνξN
ξ
 ) is the horizontal component [7,9,20]. Since we restrictour analysis to the weak directional-dependence limit, we neglect
the effects of the Cartan tensor what yields to
Γ
Fρ
μν = γ ρμν(x) + ξα2F
[
∂μ
(
σ
α
)
δ
ρ
ν + ∂ν
(
σ
α
)
δ
ρ
μ − ∂ρ
(
σ
α
)
gμν
]
− ξα
S
sργμν
− ξα
2
2F S
[
∂μ
(
F
α
)
sρν + ∂ν
(
F
α
)
sρμ − sρ∂
(
F
α
)
sμν
]
+ ξα
2σ
[∇μsρν + ∇ν sρμ − ∇ρ sμν − 2sρ γ μν]
− ξα
2F
[
∂μ
(
F
σ
)
sρν + ∂ν
(
F
σ
)
sρμ − ∂ρ
(
F
σ
)
sμν
]
. (28)
The Curvature 2-form is deﬁned by Rδα = dωδα + ωδ ∧ ωα =
RF δαβγ dx
β ∧ dxγ + P δαβγ dxβ ∧ δyγ + Q δαβγ δyβ ∧ δyγ [7]. In the
weak directional-dependence limit we restrict ourselves to the
horizontal–horizontal component of the curvature 2-form Rδαβγ
which has the familiar form RF δαβγ = δγ Γ δαβ − δβΓ δαγ + Γ δβΓ αγ −
Γ δγ Γ

αβ . Dropping the quadratic terms yields the Ricci tensor
RFμν = Rμν + ξ
{
α
2σ
(−∇ρ∇ρ sμν + ∇μρ sρν + ∇νρ sρμ)
− 3∂μ
(
F
α
)
∂ν
(
α
2F
)
+ ∂ν
(
F
α
)
∂μ
(
α
2F
)
− 3∂μν
(
F
α
)(
α
2F
)
− gμν
[
α
2F

(
F
α
)
+ ∂ρ
(
α
2F
)
∂ρ
(
F
α
)]
− α
2F
∂ρ
(
F
α
)
∂ρ gμν
+ ∂ρ
[
α2
2F S
[
∂μ
(
F
α
)
sρν + ∂ν
(
F
α
)
sρμ − sρ∂
(
F
α
)
sμν
]]
− ∂ν
[
α2
2F S
(
s∂μ
(
F
α
)
+ sρμ∂ρ
(
F
α
)
− ζ sμ∂
(
F
α
))]
− ∂ρ
[
α
2F
[
∂μ
(
F
σ
)
sρν + ∂ν
(
F
σ
)
sρμ − ∂ρ
(
F
σ
)
sμν
]]
+ ∂ν
[
α
2F
[
∂μ
(
F
σ
)
s + ∂ρ
(
F
σ
)
sρμ − ∂ρ
(
F
σ
)
sρμ
]]
− ∂ρ
[
α
S
sργμν
]
+ ∂ν
[
α
S
sργμρ
]
− 2∇ρ
(
sρ γ

μν
)}
.
(29)
The ﬁrst line of Eq. (29) is composed by second derivatives of both
the Lorentzian metric g and of the bipartite tensor s whereas the
remaining lines have coupled terms. Thus, the ﬁrst line provides
propagators for the tensorial ﬁelds g and s. Assuming the Finsle-
rian Einstein equation RFμν = κ(T Fμν − T
F
2 g
F
μν) holds, the Finslerian
vacuum RFμν = 0 equation can be interpreted as providing the dy-
namical equations for the tensorial ﬁeld s by
−∇ρ∇ρ sμν + ∇μρ sρν + ∇νρ sρμ = 0 (30)
and the Lorentzian Einstein equation Rμν = κ(Tμν − T2 gμν) whose
source is given by the remaining coupled terms of the Eq. (29).
The Equation of motion of s resembles the perturbed graviton
equation which posses the gauge symmetry s′μν = sμν + ∇(μλν) .
This is an important new result since the Randers vector also has
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gauge ∇μsμν = 0, the dynamics of the bipartite tensor s comes
from the Lagrangian Ls = − 12∇ρ sμν∇ρ sμν .
The bipartite geometry also yields the interaction terms be-
tween the Lorentzian metric gμν and the bipartite tensor sμν .
Indeed, the Ricci scalar is given by
RF = gFμν RFμν
= α
F
R − ξ α
2
F S
sμν Rμν + · · · . (31)
Further, the Jacobian determinants are related by [26]
√∣∣gF ∣∣= ( F
α
) 5
2
(
S
σ
)m−1
2 √|g|
=
{
1+ ξ
[
5
2
σ
α
+ (m − 1)ζ
2
α
σ
]
+ · · ·
}√|g|, (32)
where m is the multiplicity of the eigenvalue ζ . Therefore, the
Einstein–Hilbert Lagrangian yields
LEH = RF
√∣∣gF ∣∣
=
{
R +
[
3
2
σ
α
+ (m − 1)
2
α
σ
]
ξ R − ξ σ
α
sμν Rμν + · · ·
}√|g|,
(33)
which is analogous to the interaction terms of the gravitational
sector of the Standard Model Extension [22,23]. Hence, a Finsle-
rian geometric dynamics in the weak directional dependence limit
can be view as a Lorentzian geometry interacting with a Lorentz-
violating background tensor ﬁeld s.
5. Final remarks and perspectives
In this Letter we found new and interesting features of the bi-
partite space which we outline some additional comments.
As shown in Eq. (6), we ﬁnd that the bipartite tensor s deforms
the causal cone stretching or squeezing it according to the sign of
the eigenvalues of s. Moreover, the deformation is of second order
in ξ and the condition (8) on s guarantees that the perturbed cone
lies inside the unperturbed one. However, other Finsler structures,
as studied in great details in [8,9], reveal faster than light speeds as
natural consequences. These results do not contradict themselves
since the Finsler structure proposed in these works are different.
Furthermore, the Randers space possesses a double cone as causal
surfaces [19]. Therefore, we conclude that the causal structure of
the spacetime is rather sensible to the Finsler geometry chosen.
From Eq. (9) we conclude that that the Lorentz transformations
are altered by the bipartite tensor. Since the geometry is deﬁned
on TTM a straight perspective is ﬁnd the generalized transforma-
tion of the coordinates (xμ, yμ) of TTM that keep the bipartite
structure invariant. This approach reveals that a Lorentz Violation
on TM can be considered as a result of a bigger symmetry on TTM.
The 4-momentum we ﬁnd in Eq. (12) is not parallel to the
4-velocity. This result is analogous to anisotropic crystals where
the displacement and the electric vectors are related by Di =  ij E j ,
where i j is the permittivity tensor. This gives rise to the birefrin-
gence phenomenon which is predicted by Lorentz-violating theo-
ries in Minkowski spacetime [3] and due to the anisotropic effects
in Finsler spacetimes [27]. Thus, we argue that the bipartite ten-
sor s can be interpreted as an analogous dielectric tensor of the
anisotropic spacetimes. A better description of these electromag-
netic phenomena through the coupling of the vector gauge ﬁeldand the anisotropic Finsler metric, as done by Pfeifer and Wohl-
farth in [9], is left as a perspective.
The coupling of the particle with the Finsler metric we ﬁnd in
Eq. (17) yields to modiﬁcation of the dispersion relations analogous
to the non-standard kinetic terms important to cosmology [30] and
to topological defects [31]. Furthermore, the quartic terms in the
momentum can yield ELKO spinors whose dispersion relation is
quadratic [32,33]. This exotic spinor is a candidate for the dark
matter [32]. We postpone to a future work a complete analysis
of dynamics of ﬁelds on a Finslerian spacetime which has to be
deﬁne on TTM and so take into account the directional derivatives,
as done by Pfeifer and Wohlfarth [9].
The anisotropic force in Eq. (22) obtained here can also leads to
intriguing new features as the light bending around a massive star
or even an analogous black holes where the light would be trapped
due to the anisotropy. In order to study these conjectured effects
we left as a next step the analysis of the gravitational equations by
means of the osculating Riemannian space approach of Kouretsis
et al. [16,17] or using the method developed by Chang and Xi [11,
12].
In the analysis of the Finslerian Einstein equations we show
that the geometry has a dynamics similar to a Lorentzian one with
a background dynamical tensor ﬁeld s as a source. It is a perspec-
tive to seek for a general gauge symmetry for the Finslerian met-
ric gF , through the Killing vector, which induces a gauge invariance
for both g and s for tiny ξ . Further, we intend to go beyond the
weak directional-dependence limit by studding the whole Einstein
equation on TTM. Moreover, we would like to study the effects pro-
vided by the vertical–vertical P δαβγ and horizontal–vertical Q
δ
αβγ
curvature components.
Another improvement of the present work refers to phe-
nomenological consequences of this model which leads to bounds
on the bipartite parameter ξ . In this regard we argue that the
best samples from the particle Physics, as the decay of particles,
needs the description of the deformed Lorentz-bipartite transfor-
mations and the coupling between ﬁelds and Finsler metric, as
discussed above. From gravitation and cosmology, besides the de-
formed Lorentz transformations, a deeper analysis of the Finslerian
Einstein equations is required to obtain the light bending, for in-
stance. All of these important effects are in order to augment the
bipartite model but due to their complexity they should be treated
in a future work.
Acknowledgements
The authors are grateful to Alan Kostelecký and Yuri Bonder for
useful discussions and to Brazilian agencies CNPq and FUNCAP for
ﬁnancial support.
References
[1] V.A. Kostelecky, S. Samuel, Phys. Rev. D 39 (1989) 683.
[2] V.A. Kostelecky, S. Samuel, Phys. Rev. Lett. 66 (1991) 1811.
[3] D. Colladay, V.A. Kostelecky, Phys. Rev. D 58 (1998) 116002.
[4] J. Magueijo, L. Smolin, Phys. Rev. Lett. 88 (2002) 190403.
[5] A.G. Cohen, S.L. Glashow, Phys. Rev. Lett. 97 (2006) 021601.
[6] T. Jacobson, D. Mattingly, Phys. Rev. D 64 (2001) 024028.
[7] D. Bao, S. Chern, Z. Shen, An Introduction to Riemann–Finsler Geometry,
Springer, 1991.
[8] C. Pfeifer, M.N.R. Wohlfarth, Phys. Rev. D 85 (2012) 064009.
[9] C. Pfeifer, M.N.R. Wohlfarth, Phys. Rev. D 84 (2011) 044039.
[10] G. Randers, Phys. Rev. 59 (1941) 195.
[11] Z. Chang, X. Li, Phys. Lett. B 668 (2008) 453.
[12] Z. Chang, X. Li, Phys. Lett. B 676 (2009) 173.
[13] G.W. Gibbons, J. Gomis, C.N. Pope, Phys. Rev. D 76 (2007) 081701.
[14] G.Y. Bogoslovsky, H.F. Goenner, Phys. Lett. A 244 (1998) 222.
[15] G.Y. Bogoslovsky, H.F. Goenner, Phys. Lett. A 323 (2004) 40.
J.E.G. Silva, C.A.S. Almeida / Physics Letters B 731 (2014) 74–79 79[16] A.P. Kouretsis, M. Stathakopoulos, P.C. Stavrinos, Phys. Rev. D 79 (2009) 104011.
[17] A.P. Kouretsis, M. Stathakopoulos, P.C. Stavrinos, Phys. Rev. D 82 (2010) 064035.
[18] F. Girelli, S. Liberati, L. Sindoni, Phys. Rev. D 75 (2007) 064015.
[19] Z. Chang, X. Li, Phys. Lett. B 663 (2008) 103.
[20] S.I. Vacaru, Class. Quantum Gravity 28 (2011) 215001.
[21] S.I. Vacaru, Gen. Relativ. Gravit. 44 (2012) 1015.
[22] V.A. Kostelecky, Phys. Rev. D 69 (2004) 105009.
[23] R.V. Maluf, V. Santos, W.T. Cruz, C.A.S. Almeida, Phys. Rev. D 88 (2013) 025005.
[24] A.V. Kostelecky, N. Russell, Phys. Lett. B 693 (2010) 443.[25] A. Kostelecky, Phys. Lett. B 701 (2011) 137.
[26] V.A. Kostelecky, N. Russell, R. Tso, Phys. Lett. B 716 (2012) 470.
[27] J. Skakala, M. Visser, Int. J. Mod. Phys. D 19 (2010) 1119.
[28] R. Wald, General Relativity, The University of Chicago Press, 1984.
[29] A. Joets, R. Ribotta, Opt. Commun. 107 (1994).
[30] S. Renaux-Petel, G. Tasinato, J. Cosmol. Astropart. Phys. 0901 (2009) 012.
[31] D. Bazeia, A.S. Lobao Jr., R. Menezes, Phys. Rev. D 86 (2012) 125021.
[32] D.V. Ahluwalia, D. Grumiller, J. Cosmol. Astropart. Phys. 0507 (2005) 012.
[33] A.E. Bernardini, R. da Rocha, Phys. Lett. B 717 (2012) 238.
